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ABSTRACT

It is proved that every normalized weakly null sequence has a subse-
quence which is convexly unconditional. Further, a hierarchy of summa-
bility methods is introduced and with this we give a complete classifica-
tion of the complexity of weakly nuil sequences.

Introduction

In the present paper we investigate the behavior of the subsequences of a weakly
null sequence (z,)nen of a Banach space X with respect to two fundamental
properties. The first is convex unconditionality which is investigated in the first
section of the paper. This is defined as:

Definition: A normalized sequence (Z,)neN in a Banach space X is said to be
convexly unconditional if for every 6 > 0 there exists C(§) > 0 such that
if an absolutely convex combination z = ) -, anz, satisfies |jz}| > & then
| 3o | €nanzall > C(6) for every choice of signs (€, )nenN-

The result we prove here is the following theorem.

THEOREM A: If (z,)neN is a normalized weakly null sequence in a Banach space
X then it has a convexly unconditional subsequence.

A fundamental example due to B. Maurey and H. Rosenthal [M-R] showed
that we could not expect that every normalized weakly null sequence has an

Received October 7, 1996

157



158 S. A. ARGYROS, S. MERCOURAKIS AND A. TSARPALIAS Isr. J. Math.

unconditional subsequence. The recent examples [G-M], [A-D] show that there
are spaces without any unconditional basic sequence. On the other hand there
are results where some weaker forms of unconditionality appear. One of them is
due to J. Elton [E], [O] which is related to the unconditional behavior of linear
combinations with coefficients bounded away from zero, and the other is due to
E. Odell [O,] and it is related to the unconditionality of Schreier admissible linear
combinations. Our theorem is in the same direction as Elton’s Theorem; more
precisely it is the dual result, and the proof is based, as is his proof, on infinite
Ramsey Theory. The result follows from a combinatorial principle (Lemma 1.2)
which seems to be of independent interest and which is also used in the second
part of the paper.

The existence of a convexly unconditional sequence is strong evidence that the
convex bounded sets behave much better to unconditionality than the subspaces
of a Banach space.

In the second part we deal with summability methods. The starting point for
our investigation is the following question.

It follows from Mazur’s theorem that every weakly null sequence has con-
vex combinations norm converging to zero. The general question is to describe
“regular” convex combinations with this property. This problem dates to the
early days of the development of Banach space theory. Banach and Saks proved
that every bounded sequence in LP{u), 1 < p < 0o has a norm Cesaro summable
subsequence. This result was extended by W. Szlenk for weakly convergent se-
quences in L!(). Shortly after the Banach-Saks Theorem, an example was given
by J. Schreier [Sch| of a weakly null sequence with no norm Cesaro summable
subsequence. Schreier’s example is defined as follows: First we define the following
family,

F ={F CN: #F <min F} U {0}.

Then on the vector space coo(IN) of eventually zero sequences of reals we define

l(@n)nen| = sup {Z laq]: F € .’F} )

neF

the norm

It is easy to see that F is compact in the topology of pointwise convergence.
Hence the unit vector basis (€,)nen is weakly null. Further, from the definition
of F we get that for every k and integers n; < n2 < --- < ny we have

enl +en2+"'+enk
k

1
> -
-2
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So no subsequence of (e,)nen is norm Cesaro summable. Later it was proved by
H. Rosenthal that if (z,)nen is weakly null and no subsequence is norm Cesaro
summable then there exists (n;)ien and € > 0 such that

1) aien>e Y lail

i€F icF
for all F € F. Whenever this property appears, we say that the sequence (2, )ien

is an ¢! spreading model. This result, in connection with a theorem proved by P.
Erdos and M. Magidor [E-M], gives the following dichotomy.

THEOREM: For every weakly null sequence (z,)neN exactly one of the following
holds:
(a) For every M € [N] there exists L € [M] such that for all P € [L], P =
(n;)ieN, the subsequence (x,,)icn is norm Cesaro summable.
(b) There exists M € [N], M = (m;)ien such that the subsequence (Zp, )ien
is an £* spreading model.

A proof of this theorem is also given in [M].

This theorem is complete when condition (a) holds. If (b) holds then there is
no information on the structure of convex combinations that converge in norm to
zero. OQur aim is to give a full extension of the above theorem and through this to
describe the complexity of weakly null sequences. For this we use two hierarchies,
the Schreier Hierarchy and the Repeated Averages Hierarchy.

THE SCHREIER HIERARCHY. The Schreier family F is quite important in the
theory of Banach spaces. Recall that it is one of the main ingredients in the
definition of Tsirelson’s space [T]. D. Alspach and S. Argyros [Al-Ar| defined
a family {F¢}e<w, called generalized Schreier families. The definition of F is
given in the following way:

Set Fg = {{n}n € N}U{@} and F, = F.

If F¢ has been defined then we set

f§+1 = {UFianFl <F<---<F,F Gfg}U{@}.
i=1

If £ is a limit ordinal choose (&, )nen strictly increasing to ¢ and set
Fe={F:F e F;,,n<minF}uU {0}.

We call this family the Schreier Hierarchy since it carries certain strong uni-
versal properties some of which are described in the present paper. Roughly
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speaking, the cormplexity of every compact countable metric space is dominated
by some member of {F¢}¢«., - Further members of {F¢}e<., appear naturally in
several cases. For example, the nt? norm in the inductive definition of Tsirelson’s
space is implicitly connected to the family F,. Explicitly the family (F,)nen ap-
peared for the first time in an example constructed by E. Odell [A-O]. Recently
{Fe}e<w, have been used in the investigation of asymptotic £ spaces. Connected
to the family {F¢}ec., is the following definition.

Definition: Let (z,)nen be a bounded sequence in a Banach space X. For M €
[N], M = (m;);en we say that (2., )ien is an Eé spreading model if there exists
€ > 0 such that for all choices, (a;)icr, for F' € F¢ we have that:
1> aizm ]l > e lail.
i€F el

It is clear that an ¢ spreading model is the usual ¢! spreading model. Since
the families (F¢)e<., are of increasing complexity, the existence of a subsequence
which is an Eé model, for large &, describes strong ¢! behavior of the given se-
quences. As proved in [Al-Ar], if a sequence contains fé spreading models for all
& < wi then actually it contains a subsequence equivalent to the unit vector basis
of £1.

The second hierarchy introduced here is that of Repeated Averages.

THE REPEATED AVERAGES HIERARCHY. To introduce this we give some
notations and definitions.

We denote by S the positive part of the unit sphere of £!(N). If H = (Zn)neN
is a bounded sequence in a Banach space and A = (an)neN € Sji we set

A-H=Zanzn € X.
n=1

For M € [N] a sequence (An)nen of successive blocks in S defines an M-
summability method, denoted by M—(An)nen if M = |J 2, supp An. It is clear
that M — (An)nen is a regular summability method in the classical sense (cf. [K]
pp. 480-481).
Definition: A sequence H = (zp)nen in a Banach space is M—(Ap)neN
summable if the sequence (A4, - H)neN is Cesaro summable.

The RA Hierarchy is defined, inductively, for every M € [N] and £ < w; and

it is an M-summability method denoted by (€M),cn. We also use the notation
(M, &) for the same method. Thus the RA Hierarchy is the family

{(M,€): M € [N],£ <wi}.
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The precise definition is given at the beginning of the second section of the
paper. A brief desciption of it goes as follows: For £ = 0 and M = (my,)nen we
set an = e, . Thus the (M, £)-summability, for £ = 0, of a weakly null sequence
(Zn)nen is exactly the norm Cesaro summability of the subsequence (., )nen
where M = (mp)nen.

If (Eﬁl Jren has been defined then for { = £+ 1 we set (nM to be the average of

an appropriate number of successive elements of (EnM)neN This justifies the term

Repeated Averages. For { a limit ordinal ((nM)neN is constructed by a careful

choice of terms of {(Eﬁl) E<(ne N}.

One property we would like to mention here is that supp {ﬁ'f € F¢ and moreover
it is, in a sense, a maximal element of F¢. Thus (671\:1 JneN exhausts the complexity
of the family F,. More important is that (€M) e carries some nice stability
properties (see P.3 — P.4 after the precise Definition in Section 2) which allows
us to handle them in the proofs of the theorems.

The difference between the RA Hierarchy and the summability methods
described as an infinite matrix is that in the RA Hierarchy the summability
of a subsequence (z,,)nenm depends on the subset M while in the usual case, after
reordering (ZTn)nenm as (Zn, JkenN, we ignore the set M and apply the summabil-
ity method with respect to the index k. Thus in our case for a fixed countable
ordinal £ we have 2* methods {(M, £): M € [N]} which have uniformly bounded
complexity. This is so, since for every M € [N], n € N, the set supp {,1:'[ belongs
to the compact family Fe.

For a given M € [N] the methods {(M, £): £ < w;} are increasing very fast. It
is worthwhile to remark that if for £ < wy and n € N we set k& = minsupp &Y
then the family {(ké): n € N, & < w;} is the Ackermann Hierarchy, a well known
hierarchy of Mathematical Logic.

THEOREM B: For a weakly null sequence (z,)neN in a Banach space X and
& < wy exactly one of the following holds.
(a) For every M € [N] there exists L € [M] such that for every P € [L] the
sequence (Zp)neN is (P,€) summable.
(b) There exists M € [N] M = (m;)ien such that (€, )ieN isan £}, , spreading
model.

It is proved in [Al-Ar] that for every weakly null sequence (z,)neNn there
exists £ < w; such that for every { > £ no subsequence of (z,)neN is an Z}
spreading model. So we introduce the Banach—Saks index of a weakly null
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sequence defined as

BS[(2)nen] = min{€: no subsequence of (z,)nen is an £ spreading model}
and from Theorem B we get the following

THEOREM C: Let H = (z,)nen be a weakly null sequence with BS[(z,)nen] =
&. Then £ is the unique ordinal satisfying the following:
(a) For every M € [N] there exists L € [M] such that for every P € [L],
limpen Jé7, - H = 0.
(b) For every ( < & there exists L¢ € [N] such that Ly = (n;)ien and (Zn,)ieN
is an £; spreading model.
(c) If £ = ( 4+ 1 there exists ¢ > 0 and L € [N] such that for all P € [L],

(f . H” > ¢ and ((5 -H)neN is Cesaro summable.

For £ = 0 Theorem B implies exactly the dichotomy mentioned at the
beginning of the introduction (Theorem). Theorem C gives the full description
of the norm summability for a weakly null sequence in terms of the methods
{(M,€): M € [N],£ < wy}. This justifies the universal character of these summa-
bility methods as well as the universal character of the Schreier Hierarchy since,
as we mentioned above, the supp E,‘? belongs to F.

Definition: (a) A Banach space X has the (-Banach—Saks property (£-BS) if
for every bounded sequence (2, )nen in X there exists L € [N] such that (2, )nen
is (L, £) summable.

(b) The space X has the weak £-Banach—Saks property (w ¢-BS) if the
above property holds for weakly convergent sequences.

The next corollaries follow from Theorems B and C.

COROLLARY: For every separable reflexive Banach space X there exists a unique
ordinal £ < wy such that:

(i) For all ordinals ¢ > £ the space X has (-BS.

(ii) For every { < £ the space X fails (-BS.

CoROLLARY: If X is a separable Banach space not containing ¢! isomorphically
then there exists a unique ordinal ¢ < w such that:

(i) For all ordinals { > £ the space X has w (-BS.

(1) For every ¢ < & the space X fails w (-BS.

In the final part we introduce an ordinal index, the anti-uniform convergence
index (auc-index) which is connected to the existence of Eé-spreading models. We
prove the following.
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THEOREM D: If (zn)nen is a weakly null sequence and its auc index is greater
than w then there exists M € [N] such that (Tn)nen is an Zé spreading model.

The proofs of the above theorems use infinite Ramsey theory and an index
introduced here for compact families of infinite subsets of N that is called the
strong Cantor Bendixson index. This index helps us to develop a criterion for
embedding the family F¢ into a family F provided the index of F is greater than
wt. Also, the proofs of these theorems make use of Lemma 1.2 and a variation of
it.

ACKNOWLEDGEMENT: The authors express their thanks to G. Androulakis and
E. Odell for their useful suggestions.

NoTaTION. For an infinite subset N of N we denote by [N] the set of all infinite
subsets of V. Further, we denote by [N]<“ the set of all finite subsets of the set
N. In the sequel for F € [N]<“ we will identify the set F' with its characteristic
function. Thus for A = (ap)nen in £2(N) we will denote by (A, F) the quantity
Y ner @n- For M € [N] we will denote by M = (m;);en the natural order of
the set M. We topologize [N] by the topology of the pointwise convergence, by
considering [N] as a subset of the space NN of irrationals.

As we mentioned above, our proofs use in an essential way an infinite Ramsey
Theorem. This theorem, one of the most important principles in infinite combi-
natorics was proved in several steps by Nash-Williams [N-W], Galvin and Prikry
[G-P] and in the final form by Silver [Si]. Silver’s proof was model-theoretic.
Later Ellentuck [Ell] gave a proof of Silver’s result using classical methods. We
recall the statement of the theorem.

0.1. THEOREM: Let A be an analytic subset of [N]. Then for every M € [N]
there exists L € [M] such that either [L] C A or else [L) C [M]~ A.

In the sequel any set A satisfying the above property will be called completely
Ramsey.

1. Convex unconditionality

The first section is devoted to the proof of Theorem 1.3 and some consequences
of it. Our approach is similar to Elton’s proof of the result that we mentioned
in the introduction, in particular, Lemmas 1.1, 1.2 and the dual statements of
the corresponding results in his proof. As a consequence of Lemma 1.2 we get
Corollary 1.6 about adequate subfamilies of campact families of finite sets.
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1.1. LEMMA: Let F be a relatively weakly compact subset of c3(N). Then for
every N’ € [N] there exists M € [N'] such that: Ifl; < ly < --- <, are elements
of M and there exists f € F such that for every i = 2,...,n, f(I;) > 6, then
there exists g € F such that for every i = 2,...,n, g(I;} > § and |g(l1)| < e.

Proof: For n € N we set

Sn ={M € [N']: M = (m;) and if there exists f € F such that
Vi=2,...,m, f(m;) > & then there exists g € F such that
Vi=2,...,n,9(m;) > § and ag(mi)| < ¢}.

It is clear that each S, is closed in the topology of pointwise convergence. Hence
S =(Np>, Sn is closed and therefore completely Ramsey. Choose M € [N’] such
that either [M] C S or [M] C [N']\S.

Suppose that [M] C [N']~S. Let M = (m;) and consider any n € N. For
1 <5< nset

Lj = {mjamn+l’mn+2) .. '}’

which does not belong to S. Therefore, for any such j there are f; € Fandl; € N
such that for alli = 1,...,1;, f;(mnp4;) > d and every g € F with g(mp4;) > ¢ for
i < 1; satisfies [g(m;)] > €. Set lj, = max{{;: 1 < j < n} and f* = f;,. Observe
that for 1 < j < n, f*(mp4i) > 0 foralli =1,...,l; and hence f*(m;) > € for
all j =1,...,n. It is clear now that the sequence {f™} does not have a weakly
convergent subsequence. Therefore the case [M] C [N'] ~ S is impossible and it
is easy to check that if [M] C S then M satisfies the conclusion of the lemma.

1.2. LEMMA: Consider a relatively weakly compact subset F of ¢y[N], § > 0 and
0 < € < 1. Then for every N’ € [N] there exists M = (m;) € [N'] such that:

Forevery fe F,ne Nand I C {1,...,n} with min;c; f(m;) > & there exists
g € F satisfying the following two conditions:

(1) minser g(ms) > (1~ €)4,

(i) z{iSn: igl} lg(ms)] < e-4.

Proof: Choose a > 0 with [f(m)| < a for m € N, f € F. Next we choose a
strictly increasing sequence (k) of natural numbers such that 2¥* > a and if
€n = 1/2F then 302 | 5 e <e€- 6.
We divide the proof into two stages. In the first we will construct the set M
and in the second we will show that it satisfies the conclusion of the lemma.
The set M = (m;) is defined inductively so that the following conditions are
fulfilled.
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If I is a finite subset of N, and j < minl, then for every f € F such that
min; f(m;) > & there exists g € F with:

(a) ming g{m;) > 6,

(b) lg(my)| < &5,

(c) lg(mi) — f(mi)| < ¢ fori=1,2,...,5 -1

To find such an M we choose inductively a decreasing sequence of infinite sets
N'DN;yD---DN;D--- and we set m; = min N;.

To choose N1 we apply Lemma 1.1 to find a subset Ny of N’ such that the
conclusion of Lemma 1 holds for the given § and € = ¢;. This finishes the choice
of Nl.

Suppose that N’ D N3 D --- D N; have been chosen such that if m; = min N;
then my < my < --- < mj and, if 1 < i < j, I is a finite subset of N; with
m; < minl, f € F with mingcs f(k) > 0 then there exists ¢ € F satisfying (a),
(b), (c). To choose N, we consider the set W of all closed dyadic intervals of
length €;,1 = 1/2%i+1 which are contained in the interval [—2%1,2¥1]. We denote
by W7 the j-times product of W and for every B € W7, B = (By,..., B;), we
set

Fg = {f e F: f(ml) € B;,i Sj}

which clearly is relatively weakly compact.

Applying repeatedly Lemma 1.1, we find an infinite subset N;,; of N; such
that m; < min N;4q and the conclusion of Lemma 1.1 holds for the set N;,; and
for every Fg, B € WY, the given § and € = €;41. This completes the inductive
construction of the sets (NV;) and hence the set M is defined.

It remains to show that M satisfies the desired properties.

THE SET M SATISFIES (i) AND (ii). Given n € N, a subset I of {1,2,...,n}
and f € F such that min;er f(m;) > J, we shall define the desired function g.
For this, we inductively choose gg, g1, - . , ¢ elements of F' such that:
f = g0,
ifkeN,1<k<nand gg,461,.-.,gx have been chosen satisfying the property:
forevery 1<!<kand:=1,2,...,l-1,
lg:(ms) — gi—1(m:)| < & and
fori€ {l+1,...,n} NI, we have that g;(m;) > 6
and gi(my) > § if L € I or |g;(my)] < ¢ otherwise.
To choose g1 we distinguish two cases.

CASE 1: k+1€ 1. Then we set ggt1 = g
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CASE 2: k+1¢ I. Then we choose gty such that |gxi1(m:) — gr(ms)] < €xtr
fori <k, gr41(m;) > dforevery i € {k+2,...,n} NI and |grs+1{mis1)) < €xt1-
The existence of such a gx; follows from the properties of the set M.

This completes the inductive definition of gy, ..., g,. It is easy to see that the
final function g, is the desired g. The proof of the lemma is complete.

1.3. THEOREM: Every normalized weakly null sequence (z,)nen in a Banach
space X has a convexly unconditional subsequence.

Proof: Assume, by passing to a subsequence if it is needed, that (z,)nen is
Schauder basic with basis constant D > 1. We inductively apply Lemma 1.2 to
choose a decreasing sequence (M,)nen such that M, satisfies the conclusion of
the Lemma, for F = {(2*(z,.))nen, ||l2¥]| < 1}, =1/n, e = 1/n3.

We select a strictly increasing sequence M = (my),en such that m, € M,.

CrAM: The sequence (Tp)nen is convexly unconditional.

Indeed, given an absolutely convex combination £ = ) s @n2y with ||z| >
1/k and (e,)nem a sequence of signs we choose z* € Bx. with z*(z) > 1/k.
There exists a finite J C M such that 2*(3_, . ; an®s) > 1/k. We set

Ji={n € J: [z*(zn)| > 1/2k}.

Then we have z*(3,.c ;< j, @n%n) < 1/2k and hence z*(3_, ¢ 5, @nZn) > 1/2k.
By splitting the set J; into four sets, in the obvious way, we find a subset I C J;
such that:

| X oner €nanl > 1/8k,

{€nan: n € I} are either all non-negative or all negative and

{z*(z,): n € I} are of the same sign.
We consider z* if the sign of z*(z,) is positive and —z* if the sign is negative
and this we again denote by z*. Thus we also have z*(z,) > 1/2k for n € I. For
every r € N we denote by B(r) the unconditional constant of {Zm,,...,Zm,}.
This means that for G C {1,...,r},

Z biillmi

i€G

< B(r)-

r
E bimm.-
=1

(This happens because the norm ||- || in the space of dimension r that is generated
by Zm,,. - -,Tm, is equivalent to the maximum norm with respect to this basis.)
We split I into two sets I; = IN{my,...,max_1} and I = I\ I;. We have

E Enln E Enln

nel n€l

> ! > 1
16k 16k
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If the first condition holds, then

E EnlnTn

a M

2k—1
Z Emibm,Tmi|| 2 DT RGE = 1) 2k —1)

pEE

In the second case, there exists y* € Bx- such that

(i) ming, {y*(zn)} > (1 (4k) ) - 3¢ and

(ii) max {{y*(zn)]: » € {mak,...,m} ™ Iz} < 1/2k(4k)*, where m; = max I.
Therefore

4
(3 Emsamitm; )| > [v7( 3 enanan) v ( Y. €ntnn)

i=2k n€ly nE{MQk,...,ml} NIy
> 1 - —_ -
16k \" (k) ) 2% 2k (4k)°

§ EnlnTn

nel

1 1
D B@k—-1) 32

2k—1

_ 1 (; 1 1y, 1
T 32k2 (4k)3  (2Kk)2 64k2
Finally

1

@ ” D128k

!
§ , Em; Am,; Tm;

1=2k

E EnlnTn

neM

From (1) and (2) we get that

1 1 11
=) > mi .__ _
¢ (k) —mm{D~B(2k— 1) 32k’D-128k2}

(C(-) is defined in the definition of convexly unconditional.)

1.4. COROLLARY: Let (Zn)nen be a normalized weakly null sequence. Then for
every M € [N] there exists L € [M], L = (I;)jen such that the following property
is satisfied:

For every k > 0 there exists C(k) > 0 such that for every x = 337, a;jzi, with
lzll =1 and Y32, la;| < k, then for every sequence (¢;)jen of signs we have

C(k) < “E;’il gjaizy il < k.

Proof: Set d = Y32, |a;| and b; = a;j/d. Then Y22, bjz, is an absolutely
convex combination and ||} b;zi,|| > 1/d > 1/k. Hence by Theorem 1.3 we get
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the left inequality with C'(k) = C (1/k). The right is immediate from the triangle
inequality.

The following consequence of Lemma 1.2 has been proved by H. Rosenthal
with the use of transfinite induction.

1.5. THEOREM: Let K be a compact space and ( f)neN a sequence of continuous
characteristic functions converging pointwise to zero. Then there exists L € [N],
L = (I;)jen such that (fi;);en is an unconditional basic sequence.

Proof: Define F: K — ¢o(N) by the rule F(z) = (f.(z))nen- Then for each
z € K, F(z) is a finite subset of N and F[K] is weakly compact. By Lemma
1.2, there exists L € [N] such that for every ¢ € K, G C F(z) N L there exists
y € K such that F(y) N L = G. It is easy to check that the sequence (f)ner is
an unconditional sequence.

1.6. COROLLARY: Let M be a compact family, in the pointwise convergence
topology, of finite subsets of N. Then for every infinite subset N of N there
exists an infinite subset M of N such that the compact family

M[M] = {GNM: G e M}

is adequate (i.e. for every G € M and F C GNM there exists G' € M such that
F=G'nM).

Proof: Consider the set K = {xg: G € M}. Then K is a weakly compact
subset of cg(IN). Applying Lemma 1.2 for the sets K, N and the numbers § = 1/2,
€ = 1/2 we get an infinite set M = (m;);en satisfying the conclusion of it. We
claim that M is the desired set. Indeed, for a nonempty subset F = (m;);es of
G N M and for every n € N such that I C {1,2,...,n} we set G, the elements
of M such that

G, N {mi}le = F.

This follows from the properties of the set M.
Set G’ any cluster point of the sequence {G, }. Then, clearly, G'N{m;}ien = F
and the proof is complete.

2. Summability methods

The second section is divided into five subsections. In the first of them we study
the initial properties of the two hierarchies (the Schreier and the RA). In the
second we introduce the strong Cantor-Bendixson' index. This is a variation of
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the classical C-B index and we use it in order to develop a criterion for the
embedding of the .Fév into an adequate family F. In the third subsection we
prove the basic ingredient for our main result. This is Proposition 2.3.2 on the
structure of large families. Its proof is a combination of transinfinite induction
with repeated use of infinite Ramsey Theory. In the fourth subsection we present
the main results of the second section as mentioned in the introduction. Finally
in the fifth subsection we study the anti-uniform convergence index, introduced
here, which is a criterion for the existence of e; spreading models for weakly null
sequences.

THE SCHREIER HIERARCHY, THE RA HIERARCHY. Notation: We denote by
S} the positive part of the unit sphere of £1(N). For A = (ap)nen in S) and
F = (2, )nen @ bounded sequence in a Banach space X, we denote by A - F the
usual matrix product, that is:

oo
A-F= Z AnTp.
n=1

2.1.1. Definition: For an infinite subset M of N an M summability method
is a block sequence (An)nen With A, € S and M = {JO° supp A,, where
supp Ap, = {n € N: a, # 0}.

2.1.2. Definition: Suppose that (A,)neN is an M summability method. A
bounded sequence F = (z,),eN is said to be M — (A, )nen summable if
the sequence (A, - F)uen is Cesaro summable. This means that the sequence
zn = (3 p-; Ak - F)/n is norm convergent.

2.1.3. Remark: Toeach M € [N}, M = (my)nen, we assign the M-summability
method A, = {€m, }. Then the M — (A,)nen summability of ()N is exactly
the usual Cesaro summability of the subsequence (z)nen.

DEFINITION OF THE SCHREIER HIERARCHY. Next we recall the definition of
the generalized Schreier families (F¢)¢<,,. These are defined inductively in the
following manner.

Notation: For F1,Fy in [N]<¥ with F; # §, F> # 0 we denote by F; < F, the
relation max F; < min Fy.

We set Fo = {{n}: n € N} U {0}.

Suppose that £ = { + 1 and F; has been defined. We set

Fe= {Fe[N]<“’:F=UF,-,Ee.7~',;,n§F1 <~--<Fn}u{®}.

=1
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If £ is a limit ordinal and F¢ has been defined for all { < £ then we fix a strictly
increasing family of non-limit ordinals (£, )nen with supé, = £ and we define

Fe={F€[N]<“:n <minF and F € F¢, for some n € N} U {0}.

Remark: The use of a sequence of non-limit ordinals (£,)nen in the definition
of Fe¢, £ limit, is necessary. We make this assumption in order to prove the
Approximation Lemma given below.

DEFINITION OF THE RA HIERARCHY. To each M € [N] and € < wy we will
assign inductively an M summability method ({ff Jnen in the following manner:
(i) For £ =0, M = (M) nen we set £ = {e,,, }.
(i) If € =(¢+1, M € [N] and ((ﬁ'j Jnen has been defined then we inductively
define (¢M),en as follows. We set k; =0, s; = minsupp{}’, and

M
S1 '

&'
Suppose that for j =1,2,...,n ~ 1, k; and s; have been defined and

M M
M _ (k_y{-l + e +ij+s_7'
i = .

S5
Then we set

. M
kn =kn-1+8p-1, $n=minsupp(; ,; and

M M
M _ Crot1 o+ Ck s
n sn .

This completes the definition for successor ordinals.

(iii) If £ is a limit ordinal and if we suppose that for every ( < £ and M € [N]
the sequence (C,If[ JneN has been defined, then we define (E,I:'I )nen as follows:

We denote by (£, )neN the strictly increasing sequence of ordinals with sup§,, =
€ that defines the family F,.

For M = (mg)ken we inductively define M; = M, ny = my,

M, = {mkl my & S‘JPP[fnl]iwl} , Mg =min My,
Mz = {mk: mg & supp[fnz]iw"’} , n3=minM;z, and so on.

We set
€V = n 1, &) = 6,127, & = [€n 02, ...

Hence ({,"f‘1r Jnen has been defined. This completes the definition of RA Hierarchy.
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PROPERTIES OF THE TWO HIERARCHIES. The following properties can be
established inductively.

P.1: For £ < w; and M € [N] (E,Af)nEN is an M-summability method, i.e.,
(€M) ,en is a block sequence of elements of S} and M = )32, supp 62’[ .

P.2: For every £ <w;, M € [N]and n € N supp{nM e F..

P.3: For every £ < w; and every N, M € [N] such that supp ffw = supp &} for
i=1,2,...,k we have £ = ¢ fori =1,2,... k.

P.4: For every M € [N] and (nx)ren € [N] if M' = (32, supp{an then
& =t
Remark: Properties P.3 and P.4 are important for our proofs and they indicate
a strong stability of the methods (£),en.

2.1.4. Definition: A family F of finite subsets of N is said to be adequate if F
is compact and for every F € F, if G C F then G € F.

2.1.5. Notation: If F is an adequate family and L € [N] we denote by F[L] the
restriction of F on L, that is F[L) = FN[L]|<¥ (={F € F: F C L}).
Clearly F[L] is an adequate subfamily of F.

2.1.6. Notation: For an ordinal { < w; and M € [N], M = (m;);eN we define
FY ={G:G = (Mi)icr, F € Fe}.

It is easy to see that JF, 2’1 is an adequate family.

2.1.7. Remark: It is proved readily by induction that .7:2’[ is a subfamily of
Fe¢[M]; on the other hand, it is not true that F¢[M] is contained in .’Féw. We
will show that by going to a subset N of M, .7-'24 [N] and F¢[N] are in a sense
comparabie.

2.1.8. LEMMA:
(a) For every ¢ < § < w there exists n = n((,£€) € N such that if n < F € F¢
then F € F¢. The same holds for }'24,.7-'24.
(b) For every { < wy, whenever F = {n; < --- < ng} € F¢ and m; > n; for
i < k then we have {my,...,my} € F¢. The same holds for .7-'2'4.

Proof: The proof of this lemma is obtained easily by induction.

2.1.9. LEMMA: For every M € [N] there exists L € [M],L = (I;)ien satisfying
the following property. For every £ < wy, if A = {l, < --- <l } is a subset of
L and A € F; then AN{ly,} € FY.
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Proof: Let M = (m;)ien. We set i1 = my and lgy; = my, for k > 2. Let
A={lg, <--- <l } CLwith A€ F,. Then clearly we have

{mlkl < e- K mlkn} = {lk1+1 <K lkn+l} (S .7"24

Since we have lg, 1 < Iy, g1 < lkgy. .- lk,_1+1 < lg, and since the class féw
is spreading (i.e. satisfies (b) of Lemma 2.18), we get that {ly, < --- < I, } =
ANy e FY.

Note: The above lemma was suggested to us by G. Androulakis and E. Odell
as an alternative of a similar result we had which was weaker and much more
complicated. We wish to thank them for their permission to include here their
argument that is also contained in [An-Od].

2.1.10 PROPOSITION: For every M € |N|, € > 0 there exists L € [M] such
that: For every 1 < £ < wiy, P € [L], n € N there exists G € .7"24 such that
<€:a G) >1-e

Proof: Take L given by the Lemma 2.19 which works for the set
{meM:m>1/e}. H F = supp{f, then it is easily verified that the set G =
F ~min F satisfies our assertion.

2.1.11. CoROLLARY: For every M € [N|there exists L € [M] such that: For
every 1 <& <wy, Pe[L], n € N there exists G € .7"2'1 such that

(€, G) > 3.
Proof: We apply the previous Proposition for € = %

2.1.12. Remark: A consequence of the above Lemma is that the Schreier
hierarchy is in a sense universal.
Indeed, consider f: N — N any strictly increasing function and define

F{ ={F CN: minF = n, #F < f(n)}.

f{ is an adequate family and the regular F; is .1-'{ for f =idn.

By iteration we produce (},g )é<w, and the repeated averages hierarchy [ff M
for M € [N], n e N.

Next define the set M = (m;);eN by the rule m; = f(7). Then observe that if

FIM = {(mi)ier, F € FL},

we have that
FLM = FeM).
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Therefore from the above corollary we get that there exists L € [M] such that
for every P € [L], n € N there exists G € .Téw with ([¢"MP @) > 3
This shows that F; g’M, .Tg[ are comparable on the set L.

2.1.13. LEMMA (Approximation Lemma): Let £ < wy, M € [N], € > 0. We set
W =co({¢):n € N,N € [M]}). Then for every ordinal { such that { < { < wi,
L € [M) there exists L € [L] satisfying the following property:

For every L' € [L¢], n € N we have that

dg (CyLz/) W) <e.

Proof: Fix £ < wy and M € [N]. We shall prove the Lemma by induction for ¢
greater than ¢, every L € [M] and € > 0.

(i) ¢ =n+ 1. Indeed, if M € [N] and € > 0 then there exist L, satisfying the
conclusion for the ordinal 7. Set Ly = Ly. It is obvious that for every L' € [L¢],
n € N we get the desired property dg: ( L' W) <e.

(i) ¢ is a limit ordinal. Then fix the strictly increasing sequence ((n)nen of
successor ordinals such that sup {, = ¢ and ({»)nen defines the family F. Since
each (, is a successor ordinal it has the form {, = &, + 1.

Choose Ly € [M] with min Ly = m; and 1/m; < €¢/4. We inductively choose
Lo DLy D --- D Ly D --- such that if ny = min L then (ng)ken is strictly
increasing and Ly = L, , for M = Lg_1, { = &n,_,, €/2.

CLAM: The set N = (ng)geN is the desired Lg.

Indeed, let L' € [L¢], n € N. Then, by definition, Ci’l = [an]lL;“, where
ng = minsupp(ﬁl, Ll = {m e L'": ny < m}. It is clear that L} “{ng} C Lk.
Since (n, = &n, + 1, again by definition, [(nk]f" is an average of n, many suc-
cessive elements of ([Enk]L") N’ Since all of them except the first one are

€/2 approx1mated by convex combmatlon of W and 1/nx < €¢/4 we get that
dp [an]l",W) < € and hence dp ((k ,W) < e. This completes the proof of the
lemma..

STRONG CANTOR—BENDIXSON INDEX.

2.2.1 Definition: Let F be an adequate family. For L € [N] we define the strong
Cantor—Bendixson derivative of F[L] by the rule:

FILIV = {A € F[L]: VN € [L], A is a cluster point of F[AU N1}.
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2.2.2 Remarks: (1) It is clear that F[L](V) is a closed and nowhere dense subset
of F[L] which is also adequate; in fact we have

W= {J ) Flauny

A€[L)<w Ng[L]}

where (F{AUN])’ denotes the “usual” Cantor-Bendixson derivative of F{AU NJ.

(2) It is also easily verified that F[L]!) # @ iff F[N] is an infinite set for every
N € [L] (iff FIN]®Y # 0 for every N € [L]).

If ¢ = ( +1 then we inductively define F[L]¢) = (F[L])))[L]W. If ¢ is a limit
ordinal then we set

F[L)® = ﬂ .FL](O.
(<€

We define the S.C.B. index of F[L]| as the smallest ordinal £ such that
FL])%) = p.

We denote this index by s(F[L]). Note that s(F|[L]) is a successor ordinal.

The following Lemma is easily proved by induction on £.

2.2.2.a. LEMMa: For every N € [L], € < wy,
FIL)® n[N]<® C F[N]©.

2.2.3 PROPOSITION: If ¢ < wy and L € [N] is such that s(F[L]) > &, then for
every N € [L] we have that s(F[N]) > ¢

Proof: We will show that for every ordinal ¢ satisfying ( < £ and for each
N € [L] we have that s(F[N]) > {( +1.

It follows from Remark 2.2.2 (2) above that it is enough to prove that
F[N]©[Ny] is infinite for all N; € [N]. By this same remark, we know that
F[L)9[N,] is infinite. By Lemma 2.2.2.a, F[L]O[N] C F[N]©) and so
FILIOMN] = FILOIN] 0 [N]< C FIN[© n [N]< = FINJO[N].
Thus F[N])[Ny] is infinite as required. This completes the proof.

For N, L subsets of N we say that N is almost contained in L if the difference
L N is a finite set.

2.2.4 ProprosITION: If F is an adequate family, £ < wy, N, L € [N], such that
N is almost contained in L, then s(F[L]) > £ implies that s(F[N]) > £.

Proof: Similar to the previous one.
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2.2.5 Remark: It is easily verified by induction on £ that for every £ < w; we
have s(F¢) = w® + 1 (cf. also Prop. 4.10 in [Al-Ar]).

Notation: In the sequel we will denote by F[L](¢) the ¢-derivative of F[L], while
for N € [L] we denote by F ©N ] the restriction F[L]©)[N] of F[L]€) on the set
N. Notice that FE[N] = FIL]® N[N]<® c F[N]© by Lemma 2.2.2.a.

2.2.6. THEOREM: Let F be an adequate family. If L € [N] such that s(F[L]) >
wt then there exists M € [L], M = (m;)ien satisfying the property: .7-'2’1 is a
subfamily of F[M].

In order to prove this theorem we shall use a method developed by Kiriakouli~
Negrepontis [M-N]. This method consists of a double induction. We start with
the next definition.

Definition: An n-tuple of ordinals < wy (&1, ...,&,) has property (A) if for every
adequate family F with
$(F) > w4+

and for every L € [N] there exists N € [L], N = (n;)ien such that for every
FieFy,....FocF,, withFi<F<---<F,

the set {n;: i € J;_, Fr} belongs to F[N].

2.2.7 LEMMA: Suppose that (§1,&2,- - -,&a) has property (A) and ¢ < w;. Then
(€,&1,&, ..., &) also has property (A).

Proof: We proceed by induction on { < w;.

Case 1: ¢ = 0. Given (m,...,m) with property (A) we show that
(0,71, ...,m%) also has property (A).
Indeed, start with F adequate such that

s(F)y>w™+---+wm +1.

Set { = w™ +-.-4+w™. Since s(F) > {+1 we get from Proposition 2.2.3 that for
every L € [N], s(F[L]) > (+1 and hence F[L](©) is an infinite set. Therefore since
F[L)© is adequate there exists M € [L], M = (m;);en such that {{m;}: i € N}
is a subfamily of F[L](©).

Observe that the set

Gm, = {F € FIM ~{m1}]: {m:} UF € F[M]}
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is an adequate family and s(Gm,) > ¢. This is so since s(F[M]) > ¢ and {m;} €
F[M](©. From the inductive assumption there exists M; € [M] such that if

Fle}-—mv---;FkEfnk WithFl<F2<'-'<Fk

then
k
D={m}:i€|)Fn}€Gm M),
j=1
where M; = (m})ien.
Then clearly for any such D the set {m;} U D belongs to F[M].

Set n; = my, no = m! and repeat the same procedure by defining Gn, and
finding M, € [M;] such that M, = (m?), ny < m? and if

FeF,,. .. FxeF, satisfying F; < F <--- < F}

then the set {np} U {m?: i € U;‘___l F;} belongs to F[M,]. Following the same
procedure, we inductively choose n;, M; with

M=M03M13M2D"':)M[, and n € M,

satisfying the above properties. It now follows immediately that the set N =

(n1)1eN satisfies the required properties and hence (0, 71,72, - . ., 7% ) has property
(A).

CASE 2: £ = ( + 1. Then by the inductive hypothesis, for every k-tuple
(m,N2,...,Mk) with the property (A) and every ! € N the | + k-tuple
(¢,.--,¢, m,...,Mx) has the property (A).

e’

! times

For every L € [N] such that
S(FIL) > w™ + - +w™ + 0t
we have that for every l € N
S(FIL) >w™ 4+ +w™ +ws + -+ .

! times

Hence we can find L 5 Ly D --- D L; O --- with L; satisfying the property:

if Fy Ef(,...,FzEfc,FHl efnl,...,F}He}',,,‘

I+k
and F; < --- < Fiyx then { ml:i ¢ U F; } € FILy).
j=1
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Then if N = (ni)ien with n; € Ly, it is easy to see that N satisfies the required
properties, hence (£,m1,...,7x) has property (A).

CASE 3: £ is a limit ordinal. The proof is similar to the previous case.

Proof of the theorem: We shall use induction on £. The result is obvious for
£ =0 Let 1 € ¢ < w and assume that it is true for every { < & and each
adequate family F with s(F) > w®.

CASE 1: € =(+1. Since s(F) > w® > w¢-land ((,(,...,¢) has property (A)
N e’

! times

then for any L € [N] choose
L=LyDLiDLyD>---DL;D---

such that L; witnesses property (A) for the set F[L;_,] and the I-tuple (¢, ..., ).
It is easy to show that for any N € [L] such that N = (n;);en and n; € L;
F{N] satisfies the inductive assumption for the ordinal £.

CASE 2: £ is a limit ordinal. Let (§,)nen be the strictly increasing sequence
with sup&, = £ that defines the family F¢. For every L € [N] we choose L =
Ly DLy D--- DLy D - such that L, witnesses property (A) for (£,) and
the set F[L,_1]. If we set N = (k,)nen such that k, € L,, then we easily check
that F[N] satisfies the inductive assumption for the ordinal £. The proof of the
theorem is complete.

Remark: 1t is clear that the following statement is a reformulation of Theorem
2.2.6: For every £ < w; the 1-tuple (£) has property (A). This observation together
with Lemma 2.2.7 immediately gives the following

2.2.8 COROLLARY: For every n € N and each i,...,§, < w; the n-tuple
(&1,--.,&n) has property (A).

Remark: For ki,...,k, € N and &,---,§, < w; we denote by
((Fe)¥, ..., (Fe.)*n) the set of all subsets F' of N that can be written in the
form

F=Flu---UF, UFfU---UFA,U---UFU---UFZ,
~ ~ 7N —~ 4 D S

where F11 < e < F,?n and FJ? € Fe, for all i <n and j < k;. These families are
defined in [O-TJ-W], where it is also proved that if a family F is adequate and
spreading and has Cantor-Bendixson index not exceeding w®k; + --- + wé~k,
then for some M € [N], M = (m;)en,

FMC(Fe)*, .. (Fe)*)
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where FM = {{m;}icr: F € F}.

It is clear from Corollary 2.2.8 that if F is an adequate family with s(F) >
wé -k, + - +wb - ky, then for every L € [N] there exists N € [L], N = (n;)ien
such that for every F' € ((Fe,)*,...,(Fe,)) the set {n;: € F} belongs to
F[N].

LARGE FAMILIES.

2.3.1 Definition: Let F be an adequate family, M € [N], £ <w; and € > 0. We
say that F is (M, £, €) large if for every N € [M] and every n € N we have that

sup (£) F) > e.

FeF
2.3.2 PROPOSITION: IfF is an adequate family which is (M, €, ¢) large, then for
every L € [M] there exists N € L] such that s(F[N]) > w®.

This proposition is one of the basic ingredients for the proof of the main The-
orems of this section. This result in connection with Theorem 2.2.6 shows that
every (M, &, ¢€) large family F contains a family .7-'2’ ", Hence the summability
methods {(€) )nen, N € [M]} are sufficiently many to describe the Schreier fam-
ily fév ". The proof of the proposition depends strongly on Theorem 0.1 and the
stability properties P.3-P.4 of the RA hierarchy.

Proof of the proposition: We proceed by induction. The inductive hypothesis is
the statement of the proposition.

CasE 1: £ = 0. This is the easiest case since the result immediately follows
from the definitions.

CASE 2: ¢ is a limit ordinal. In this case we prove first the following.

CrLaIM: For every ordinal { with { < & and every L € [M] there exists N € [L]
such that s(F[N]) > ut.

Indeed, given L € [M] we define a partition of [L] into A;, A2 by the rule:
A= {N el sl P < 5},
FeF 2

Ay = [L] ™ A;. Notice that if N = (m;)ien and N’ = (m});en are such that
mi=m] foralli < k= ma.xsupp(f' then by P.3 we get that (‘f] = (ivl, hence
Aj; is an open set. Therefore from Theorem 0.1 we get that there exists L; € [L]
such that either [L1] C A; or [L4] C A;.
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Assume that {L;] C A;. Then by P.4 we have that for every N € [L;] and
every n € N, suppe}-((,I:’,F) <ef2.

This is so since any such cf is equal to (ivl for some N’ € [N].

But then, from Lemma 2.1.13, there exists L; € [L;] such that for every
n € N, dn(€5,W) < ¢/2 where W = co({¢): n € N,N € [L]}). Hence
suppef(fﬁi,F) < €/2+ €/2 = ¢, a contradiction; therefore [L1] C As.

This means that the family F[L] is (L1,(,€/2) large and by the inductive
assumption we get that there exists N € [L1] such that s(F[N]) > wS. Next
choose a strictly increasing sequence of ordinals (£, )nen With supé, = €.

Inductively we choose L = Ly D Ly D Ly D --- D L, D --- such that
S(F[Ln)) > .

It is easy to see that for every N € [L] such that N is almost contained in L,
we have that s(F[N]) > wé», and therefore s(F[N]) > wt. The proof for case 2
is complete.

CasE 3: £ = (+ 1. We start with the following Lemma, the proof of which
uses Theorem 0.1.

2.3.3. LEMMA: Let £ =(+1, M € [N], € > 0 and F an adequate family that
is (M, €, €) large. Then for every L € [M] and every n € N there exists L,, € [L]
such that for every N € [L,] and k € N

sup min{((}cv,F): 1<k<n}>¢/2
FeF

Proof: Consider L € [M] and n € N, and define a partition of [L] into Aj, As
by the rule

Ay ={N€[L:3F e F,{{(N,F)>¢/2for k=1,...,n}

and Ay = [L] ™ A;.

As in the previous lemma, A; is an open set hence, by Theorem 0.1, there
exists L,, € [L] such that [L,] C A; or [L,] C A,.

We will show that the second case is not possible and this will prove the lemma.

Indeed, assuming that (L] C A; we get that for every N € [L,] and every
ki <ky<---<kpandevery Fe F

(1) min{<(ﬁ,p>,i=1,2,...n} < /2.

This follows from the fact that there exists N' C N such that Cfvl = Civ for all
i=1,...,n.



180 S. A. ARGYROS, S. MERCOURAKIS AND A. TSARPALIAS Isr. J. Math.

Each f,l;" is an average of successive elements of (_(,f")keN, that is
L, _ 1 (.1, L,
§m = — (Ckm +-- +Clcm+sm>
Sm

and (Sm)men is stictly increasing. Choose F' € F such that (f,Ln",F) > €.
Then for large s,, we get that # {z ((,I;:+1,F) > 6/2} > n. But this contra-
dicts (1) and the proof is complete.

2.3.4 LEMMA: Assume that £, M, e, F are as in the previous lemma. Then for
every L € [M] there exists N € [L] such that for every n € N and N’ € [N] with
min N’ > n we have that

sup min{(¢Y¥  F):k=1,...,n} > ¢/2.

FeF
Proof: We inductively apply the previous lemma. Choose L > L; D--- D L, D
--- such that for all n the set L, satisfies the conclusion of the previous lemma.
Then any set N = (my)peN with the property m,, € L, has the desired property.

2.3.5 LEMMA: Let ¢ < w1, M € [N], € > 0 and F be an adequate family.
Suppose that for some n € N we have that for every L € [M]
sup min{((‘f,F}: k=1,...,n} >e
FeF
Suppose that ¢ satisfies the inductive assumption. Then for every L € [M] there
exists N € [L] such that
s(F[N])) > o - n.

Proof: We proceed by induction on N.

CASE 1: k=1. As we have shown in previous proofs, the fact that for N € [M],
supFE;((f’,F) > ¢, implies that F is (M, (,¢€) large, hence by the inductive
assumption every L € [M] contains infinite subset N such that s(F[N]) > w*.

CAaSE 2: k = n. Assume that the Lemma has been proved for all
k=12,...,n—1.

Given L € [M], since for every N € [L] the vector (f’ has finite support and
rational coefficients we get that the set {¢}: N € [L]} is countable and we order
it as ({,,)nen. Consider {; and fix L; € [L] with

maxsupp{; < minL;.

Let {F;}%_, be an enumeration of all nonempty subsets of supp{;. We define
a partition of [L;] into a family (4;)%, defined by the rule
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A; ={N € [Ly] : if N' = supp{, UN and IF € F satisfying

min{((,IcV’,F): k=1,...,n}>¢
and Fn supp(f" = Fnsupp{; = F;}.

Each A; is an open set, hence by Theorem 0.1 we get that there exist ip and
Sy € [L1] such that for every N € [S;] there exists F' € F with:

min{((kN',F): k=1,...,n}>e¢

and
supp({V NF=F,.

Set G = F;, and consider the set
Fg, = {F € F: Fnsupp¢; = G1}.

Then it is easy to see that S1,{,Fg,,n — 1 satisfy the inductive assumptions,
hence there exists Ny € [S]] such that

s(Fg,[N1]) > w® - (n—1).

As a consequence of this we get that G; € Fg, [Nl]("'l)""c.
Inductively choose L D N3 D --- D N D --- and (Gg)gen such that
(1) maxsupp {; < min Ny
(i) Gx C supp{y, Gk € F and (€, Gk) > €,

(ifi) Gx € Fa, [Ne)@* =),
where Fg, = {F € F: Fnsupp{, = G}
“The choice is done as in the case ;.
Choose a set N that is almost contained in Ny for all k € N.

CLAM: For every k € N the set Gy belongs to Fg, [N]("’c’("‘l)), where F g, [N]
is defined as:

F,[N] = {F € Flsupp{) U N]: F Nsupp{; = G}

Indeed, set N* = {m € N: maxsupp{, < m}.

Then since N \ N* is finite, we get that Gy € Fg,[N] provided that Gy €
F,[N*). Further, N* is almost contained in N and, from (iii) and the fact that
w® - (n — 1) is a limit ordinal, we get that Gy, € F¢,[N].

To finish the proof of the lemma we prove the following.
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CLAIM 2: There exists N’ € [N] such that F[N')*") £ §.

Indeed, consider the family
G[N]) = {F: 3k € N with G, C N, F C Gy}

It is easy to see that G[N] is an adequate family. Further, for Gy C N we have
F,[N] C F[N], hence for every F € G[N] we have that F € F[N]|«* (=1,

So we get that G[N] C F|N]«*(n=1),

Notice also that for every S € [N] there exists G, € G[N] such that (¢, G) >
€. Hence G[N] is (N,(,€) large and by the inductive assumption there exists
N’ € [N] such that GIN')“*) % 0. Hence

Wb
]_-[N/](wC.n) — [f[NI](wC.(n—l))]( ) S G[N/](wc) # 0.

This completes the inductive proof of the lemma.

COMPLETION OF THE PROOF OF THE PROPOSITION. Using the previous
lemmas, for a given L € [M], we choose L D Ly D Ly D -+ D L, D ---
such that s(F[L,]) > w® - n. Then it is easy to see that if N is any set almost
contained in L, for all n € N, then s(F[N]) > w¢ - n for all n € N, and hence
s(F[N]) > wt! = wt. The proof of the proposition is complete.

We conclude this section with the following proposition.
2.3.6 PrOPOSITION: Let £ <w;, M € [N], € > 0 and F be an adequate family.

Suppose that there exists L € [M], L = (my)neN satisfying the property:
for every n € N, N € [L], n < min N

sup ({kN,F): k= 1,2,...,n} > €.
FeF

Then there exists N € [L] such that s(F[N]) > w**1.

Proof: Notice that JF satisfies the assumptions of the previous lemma, hence
there exists a decreasing sequence (L, )nen Of subsets of L such that s(F[L,]) >
wé - n. Now, if N is almost contained in L, for all n € N, it is easy to see that
s(F[N]) > w1

THE MAIN RESULTS. We now state and prove the main results.

2.4.1 THEOREM: For a weakly null sequence (z,)renN in a Banach space X and
¢ < wi, exactly one of the following holds:
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(a) For every M € |N] there exists L € [M] such that for every P € [L] the
sequence (Tn)neN Is (P, €) summable.

(b) There exists M € [N], M = (m;)ien, such that (zm,)ien is an £,
spreading model.

To prove the theorem we begin with the following lemma.

2.4.2. LEMMA: Assume that F = (2, )neN is a weakly null sequence and € < wy
is such that for every M € [N] there exists N € [M] with (zn)nen not (N, &)
summable. Then there exists € > 0 and L € [N] such that for every N € [L]

n gL
lim ||25 || > ¢, Wherezﬁ:;:k_:lné_k'_F‘

Proof: We prove it for M = N. The general case is similar. For given ¢ > 0,
n € N, we consider the set

Acn = {M € [NJ: |2 < ¥k > n}.
Clearly each A, ,, is a closed set, hence the set A, = {J,, A is a Ramsey set.
Therefore there exists L, € [N] such that [L¢] C A, or [L¢] C [N]\ A..
If there exists some € > 0 and L € [N] such that [L] C [N]\ A, then the
lemma has been proved. Assume that this does not occur. Then inductively choose

NDL DLy -2 Ly D---such that [L,] C Aj/, and let L be any infinite
set almost contained in L, for all n € N.

CramM: If N € [L] then (zn)nen is (N,§) summable.

Indeed, for any such N and n € N there exists k, € N such that for every
k € N with k,, < k we have that supp ka C L. Therefore if N' = | J,5,, supp Efcv
then by the property P.4 we get that 55’ = £g_1> +k,- Since N’ € [Ly], there
exists so such that for all s > sq we have that ||zY'|| < 1/n. But then there exist
large s; such that for every s > s; we have

N|| _ E;;l d\l - F
o2 = [ Emal
- ' N
Zf:l ' iv -F + E::l Efv -F . E§=s+1—kn £'i' F
L) S S

kn—-1 1 k,—-1 2
< + =+ <=
s n s n
This proves the Claim and it contradicts our assumptions. Hence there exists
€ > 0 and L € [N] such that [L] is a subset of [N] \ A, and this completes the

proof of the lemma.
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2.4.3 LEMMA: Let F = (2,)nen be a weakly null sequence. Suppose that for
& <wy, M € |N] and € > 0 we have that for all N € [M]

n N
lim|[zN|| > ¢ where zY = —Z—’EI—E—’———
n
Then for every L € [M] we have:

(a) For every n € N there exists L, € [L] such that for every N € [Ly,]

a = sup min{:c*(ffcV -FYk=1,2,...,n} > <

T*€EBy+ 2
(b) There exists N € [L], N = (mn)nen such that, for every N' € [N] with

M, < minN’,
N €

a, >§.

Proof: (a) For a given L € [M] and n € N we partition [L] into A;, A by
€
A= {Ne (L): ¥ > 5}, As = [L]N Ay

The set A; is a Ramsey set, hence there exists L,, such that either [L,] C A; or
[L,] C Aj. The first case proves part (a) of the Lemma. We show that the second
case does not occur.

Indeed, if [L,] C A then we get that for k1 < ky < --- < k, there exists
N € [L,] such that £,fl" = 5{\7,,{,];: = f,I:’ and, since N € Aj, a < ¢/2.
Choose s large such that there exists z* € Bx« with

.’B* (Z::l&iLn F) > €.

s
Then from the choice of s we get that
#{i:igs,m*( L ! >e/2} >n.

But then there exists N € [L,] with a% > €/2, a contradiction, and the proof of
part (a) is complete.

(b) Choose, inductively, a decreasing sequence (Ly,)nen such that L, € [L]
and L,, satisfies the requirement for the number = of part (a). It is clear that any
N almost contained in L,, for all n € N is the desired set.

Next we will prove two lemmas that will help us to reduce the proof of the
theorem to the case of the sequence (7, ) ey of the natural coordinate projections
of {0,1}" acting on an adequate family F of finite subsets of N.
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2.4.4 Definition: Let D be a weakly compact subset of ¢g(IN) and § > 0. We set
Fs={F cN:3f e D with f(n) > éVn € F}.

2.4.5 Remark: The weak compactness of D implies that Fjs is an adequate
family of finite subsets of N.

2.4.6 Notation: As we denoted in 2.1.5, Fs[N] = {F € Fs: F C N}.

The next Lemma is a consequence of Lemma 1.2,

2.4.7 LEMMA: Let D be a weakly compact subset of ¢o(N). Then for every § > 0,
€ > 0 and M € [N] there exists N € [M] such that for every F € F5[N] there
exists f € D such that

(i) min{f(n):n € F} > (1 —¢€)J,

(ii) EneN\P‘ lf(n)l <e-d.

Proof: From Lemma 1.2 for every M € [N] there exists N € [M] such that for
every k € N, F € Fs[N] with max F < k there exists fx € D,

(i) min{ fy(n): n € F} > (1 - €)4,

(i) hes [fi(m)] <-4

The desired f is the weak limit of any weakly convergent subsequence of (fi)ren-

2.4.8 LEMMA (Reduction Lemma): Let H = (z,)neN be a weakly null sequence
in a Banach space with ||z, || < 1. Then for every § > 0 and € > 0 there exists an
adequate family F of finite subsets of N and a function f: Bx- — F such that:
For every M € [N] there exists N € [N] satisfying the following properties:
(a) If A€ S}, suppA C N, then for every z* € Bx- with (z*,A- H) > 6 we
have (A, f(z*)) > §*/4.
(b) If A € Sf with suppA C N and F € F such that (4,F) > ¢, then
|A-H| > e 5/a.

Proof: We start by noticing that if A € S} and z* € Bx- are such that A =
(@n)nen and z*(A - H) > 6, then for F = {n € N: z*(z,) > §/2} we get that
Y oner On > 8/2. Hence (A, F) > §2/4.

Since (zn)neN is a weakly null sequence, the set

D = {(z*(zn))nen: * € Bx-}

is a weakly compact subset of co(IN). Applying Lemma 2.4.7 for D, 6/2, ¢/4 and
M € [N] we find N € [M)] satisfying properties (i) and (ii) of that lemma. We
let F be the adequate family defined as Fs/,. We also define f: Bx. — F by
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the rule f(z*) = {n € N: z*(z,,) > §/2}. Using our note at the beginning of the
proof, we get that property (a) holds for every N € [M]. To see property (b),
suppose that A € Sy with suppA C N and F € F such that (A, F) > €. Then
we may assume that F C NN {n € N: a,, > 0} and, by the definition of F, there
exists G € Fs/q such that FF'C GN N. Then there exists £* € Bx~ such that
(i) min{z*(z,): n€ F} > (1-£) §,
(if) Yngr lo*(@a)] < §4-
From (i), (ii) and the fact that (4, F) > e we get that ||A- H|| > ¢- /4. The
proof is complete.

Proof of the theorem: We prove first that the negation of (a) implies (b). Suppose
that ||z,|| < 1 and for a given £ < w; the case (a) does not occur. Then from
Lemma 2.4.2 there exist M € [N] and § > 0 such that lim||z%|| > 26 for all
L € [M]. Going to a subset of M if necessary, we may assume that part (b) of
Lemma 2.4.3 is also satisfied for M with ¢/2 replaced by 4.

Consider the family F defined in Lemma 2.4.8 for the sequence (2, )nen and
the number §. Let N € [M] such that (a) and (b) in Lemma 2.4.8 are satisfied.
Property (a) in connection with the fact that N satisfies the conclusion of Lemma
2.4.3 shows that the assumptions of Proposition 2.3.6 are fulfilled. Hence there
exists N’ € [N] such that s(F[N']) > wé*!l. From Theorem 2.2.6 there exists
Ny € [N] such that N1 = (m;)ien and for every F' € Fei 1 theset {m;:i € F'} €
F.

CLAIM: For every F € Feiq, || 2o icp @itm || 2 %ZieF las].

Indeed, by standard arguments, it is enough to show it for (a;)icr € Sa. If
(ai)icr € Ser then either Y {a;: i € F,a; > 0} > % or) {ai:i € Fa; <0} < —%.
We assume that the first case occurs. Otherwise we consider (b;);cr such that

b; = —a; for all i € F. Set F' = {i € F: a; > 0}; then clearly (4, F’) > % and
hence ||A - (zn)nen|| > 8/8, which proves the claim. The proof is complete.

We now show that parts (a) and (b) of Theorem 2.4.1 are mutually exclusive.

2.4.9 PROPOSITION: Let (z,)nen be a weakly null sequence in a Banach space
X. If§ <wy, M € [N] and § > 0 are such that M = (m;);en and

I Zaia)mi” >4- Z la;|  for every F € Feyq,

i€F ieF

then there exists L € [M] such that for every P € [L], (zn)nen is not (P,£)
summable.
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Proof: Consider the adequate family F defined in the Reduction Lemma (Lemma

2.4.8) for the sequence (25)nen, the number § in our assumptions and e = 1

(Proposition 2.1.10). Find N € [M] such that conditions (a), (b) of the Reduction

P
Lemma are fulfilled. Denote by ([{M] ) , P € [N], the summability meth-
"/ neN

m]F P
ods defined by the rule [E ] = (am, )ien where £, = (a;)ien and an,, = a;.

Then F is (N, (€+1)M, 42 /4) large, hence there exists L' € [N] such that .’Fé’;_l is
a subfamily of F, and hence by Proposition 2.1.11 there exists L" € [L'] such that
for every P € [L"], n € N there exists G € -7:54,—1 such that ((¢ +1)F,G) > 1.
Choose, as in Lemma 2.4.3 (part (b)), an L € [L"] such that L = (l;)nenN and,
for every P € [L] and n < k1 < kg < --- < ky, there exists G € F such that

<£f;, G> > i. Then by part (b) of the Reduction Lemma there exists 2* € Bx»
such that <EZ . H,X*> > 0/16 where H = (Zp)nen and (k;)2,, P are as above.

It is clear now that for every P € [L] the sequence (Zn,)nen is not (P, £) summable.
2.4.10 Remark: The above Proposition immediately shows that parts (a) and
(b) in Theorem 2.4.1 are mutually exclusive.

For the sequel we need the following result proved in [Al-Ar].
2.4.11 PrRoOPOSITION: Let X be a Banach space and (Z,)nen a weakly null
sequence in X .

(a) There exists £ < wy such that for all { < wy, £ < (, (Zn)neN does not

contain a subsequence which is an éé spreading model.
(b) If £* does not embed into X then there exists £ < wy such that for every

¢ <wi, € £ ¢ and any bounded sequence (zn)neN there is no subsequence
of (zn)nen Which is an £ spreading model.

Sketch of proof: The proof of (a) follows from the fact that

k k
3 e, Ze-zm}
=1 =1

ordered in the usual manner is a well-founded tree. If not, the sequence (z,)neN

e T

should contain a subsequence equivalent to the unit vector basis of £! and that
contradicts the weak nullness of (z,),en. Therefore the height of T¢, denoted by
o(Te), is a countable ordinal &. Further, if (z,)neN has a subsequence that is an
22 spreading model with constant d; > € then wt < &. Soif & = sup{&., e > 0}
then every £ < wy such that (z,)nen has a subsequence which in an Zé spreading
model should satisfy w® < & and this proves the result for part (a).
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The proof of part (b) is the same and uses the technique developed by Bourgain
(B].

THE BANACH — SAKS INDEX.

2.4.12 Definition: Let X be a Banach space and (z,),en & weakly null sequence
in X.

(a) The Banach-Saks index of (z,)nen denoted by BS{(zn)nen] is the least
ordinal £ such that there is no subsequence of (z,),eNn which is an éé spreading
model.

(b) If X is a Banach space not containing ¢! (N), then we denote by BS[X] the
least ordinal £ such that no bounded sequence (z,)nen in X is an fé spreading
model.

2.4.13 THEOREM: Let H=(z.)nen be a weakly null sequence with BS[(2,,)neN]
= £. Then £ is the unique ordinal satisfying the following:
(a) For every M € [N] there exists L € [M] such that for every P € [L],
limnen [|€5 - Hij =0.
(b) For every { < & there exists L¢ € [N] such that L¢ = (n;)ien and (zp,)ieN
is an £ spreading model.
(c) If ¢ = ¢ + 1 there exists € > 0 and L € [N] such that for all P € [L],

CS . HH > ¢ and ((S . H)nEN is Cesaro summable.

Proof: (a) For L € [N} and n € N we define a partition of [L] into sets A, B by
the rule A = {P: || - H|} < €} and B = [L]\ A. It is easy to see that A is a
closed subset of [L], hence by Theorem 0.1 there exists N € [L] such that either
[N] C Aor [N] C B. If the second case holds then by the Reduction lemma we get
that (z,,)nen has a subsequence which is an Zé spreading model, a contradiction.
Hence [N] C A. Choose, inductively, M D Ly D Ly D --- D L, D --- such that
for every P € [Ly], ||€F - H|| < 1/n and set L = (I;)nen such that I, € L,. Then
it is easy to see L satisfies the conclusion of the first part of the theorem.

(b) This follows from the definition of £.

(c) Suppose now that & =  + 1. Then, by the definition of BS[(z,)nen], there
exists M € [N] such that (zn)nen is an £ spreading model. Then by part (a)
of Theorem 2.4.1 there exists N € [M] such that for every P € [N] (Zp)nenN
is (P,£) summable and, finally, from Proposition 2.4.9 there exist L € [N] and
€ > 0 such that for every P € [L] and n € N, [|¢(F - H|| > e. This proves part (c)
and the proof is complete.
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2.4.14 Remark: (i) The first part of the above Theorem is satisfied by any
normalized weakly null sequence in Tsirelson’s space. Any such sequence has
Banach-Saks index equal to w.

(ii) The third part gives a complete answer in the following question posed
by the first-named author: For what weakly null sequences does there exist a
sequence (Y, )nen Of block convex combinations such that ||y,|| > € and (y,)neN
is Cesaro summable.

We conclude this Section with the following corollaries. Their proofs follow
easily from the previous theorems.

2.4.15 COROLLARY: For every separable reflexive Banach space X there exists
a unique ordinal £ < w; such that:

(i) For all ordinals ¢ > £ the space X has (-BS.

(i) For every ¢ < ¢ the space X fails ¢-BS.

2.4.16 COROLLARY: If X is a separable Banach space not containing ¢
isomorphically then there exist a unique ordinal § < wy such that:

(i) For all ordinals { > £ the space X has w (-BS.

(ii) For every { < € the space X fails w (-BS.

THE ANTI-UNIFORM CONVERGENCE INDEX. Let K be a compact space and
fn: K — R, n € N a sequence of continuous functions such that f,)0 pointwise
on K. If P is any closed non-empty subset of K and € > 0 we set

P'((fn),€) = {z € P:V nbhd’s V of z the set {n € N: || fo|pav| < €} is finite}.

It is clear that the set P'({f,),€) is obtained from P by deleting the relatively
open sets in P on which some subsequence of (f,) is e-uniformly convergent. We
define by induction the iterates P¢((f,),€) for each ordinal £, and let

least & with P4((f,),€) = 0, if such a £ exists,
w1, otherwise.

auc((fn), €, P) = {
We also set
auc((fa), &) = auc((fn) €, K)  and  auc((f)) = supaug((£2),€)

(cf. the definition of “convergence rank” in [K-L], p. 212).
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2.5.1 Remarks: (1) It is clear that for a closed non-empty subset P of K, the
set P'((fr),¢€) is a closed subset of P.
(2) If (f},) is any subsequence of (f,) then it is easy to see that

auc((f,)) 2 auc((fn))-

(3) If K is compact metric, € > 0, M € [N] and ¢t € K'((fn),€), then a simple
diagonal argument shows that there exist (t,)nen C K and L = (l,) € [M] such
that t, — t, t, # tm for m <n and |f;, (t,)] > e forevery n =1,2,....

2.5.2 PROPOSITION: Let (f,) be a sequence of continuous functions on the com-
pact metric space K such that f,)0 pointwise on K. Then there is £ < w; such
that auc((f},)) < € for every subsequence (f}) of (fn).

Proof: For a closed nonempty P C K and € > 0 we set
P = {z € P:V nhhd’s V of z the set {n € N: ||fu|pav| > €} is inﬁnite}.

It then follows from Baire’s Category Theorem that P! is a closed nowhere dense
subset of P. If (f]) is any subsequence of (f,) then it is clear that

P'((fa),€) C F§

furthermore, by induction one can prove that P¢((f),e) C P¢ for every ordinal
£. Since K is a compact metric space and the family (K¢)¢<,, is decreasing and
consists of closed subsets of K, there is £(¢) < w; such that K& = 0. It is clear
that £ = sup{£;/,: n € N} is the desired countable ordinal.

Let K be a compact metric space and f,: K — R, n € N a sequence of
continuous functions on K such that f,)0 pointwise on K. For every € > 0 we
set F. = {A C N: 3t € K with |f,(t)| > € Yn € A}. It is easy to see that F is
an adequate family of (finite) subsets of N.

2.5.3 THEOREM: Assume that auc((fy),€) > £ for some £ < w, and some € > 0.
Then we have s(F¢[L]) > £ for every L € [N].

For the proof of this theorem we need the following.

2.5.4 LEMMA: Let 1 < ¢ <wy, €>0,t € K5((fn),€) and A € [N]<“ such that
|fn(t)| > € for each n € A. Then A € .7-'25).

Proof: We proceed by induction on &.
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CASE 1: £ = ( +1. Let tg € KS*'((f,),€) and A € [N]* be such that
[fm(to)] > € for every m € A. Since for each m € A the function f,, is
continuous and |fm,(to)| > ¢, it follows that there is a nbhd V' of ¢y such that

(1) |fm@) >€ forteVandme A

Let N € [N]. Since to € K$T1((fn), €) there exist M € [N}, M = (kn)nen and
a sequence (tn)nen C V N EK((fn),€),tn = to, tn # tm for m < n such that

|fr, (o)l 2 € forn=12,....
It follows immediately that for n = 1,2,... we have
|[fm(tn)| =€ for every m € AU {k,}.
Therefore from the inductive assumption we get that
AU{k,} € FC foreveryn=1,2,....

We conclude that for every N € [N], A is a cluster point of F$[AU NJ, hence
AcF

Casg 2: £ is a limit ordinal. This is obvious.
The proof of the Lemma is complete.

Proof of the Theorem: We proceed by induction on £&. We notice that the

assertion is clear for £ = 0.

CaASE 1: £ =(+1. Since auc((f,),€) > ¢ we get that KST((fn)ner,€) # 0 for
every L € [N]. So let L € [N] and tg € K¢t ((fn)neL,€)- It then follows from
the definition of auc-index that there is (t,) D K*((fn))ner,€) and M € [L],
M = (kn)nen such that, t, — to and |fx, (tn)] > e for n = 1,2,.... So we get
from the previous lemma that {m} € F¢[L] for all m € M, hence Fe*[L] # 0
(because @ € FT[L]) and thus

s(FelL]) >C+1=¢

CASE 2: ¢ is a limit ordinal. Let ¢ < &; then we have that auc((fn),€) > £ > ¢,
hence by the inductive assumption s(F[L]) > ¢ for every L € [N]. Since { is a
limit ordinal we get immediately that s(F¢[L]) > £ for every L € [N].
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2.5.5 PROPOSITION: Let H = (2, )neN be a weakly null sequence and § > 0. Set
D = {(z*(zn))nen: |[27]| < 1}

and let Fs5 be the family corresponding to the set D and the number §. If
there exists M € [N] such that .7"2/! is a subfamily of Fs, then (z,)neN has a
subsequence which is an ¢; spreading model.

Proof: From Lemma 2.4.8 (b) for € = 1/2, there exists N € [M] such that for
every A = (an)neN € S} with supp A € fé‘l[N], |A- H| > /4. It follows that
(Za)nen is an £} spreading model.

2.5.6 THEOREM: Suppose that (z,)nen IS a weakly null sequence and
auc((fn)nen) > wt. Then there exists M € [N] such that (T)nem is an £
spreading model.

Proof: This follows from Theorem 2.2.6 and the above Proposition.
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